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Polarization of a light beam is traditionally studied under the hypothesis that the state of polarization is uniform
across the transverse section of the beam. In such a case, if the paraxial approximation is also assumed, the propa-
gation of the beam reduces to a scalar problem. Over the last few decades, light beams with spatially variant states
of polarization have attracted great attention, due mainly to their potential use in applications such as optical
trapping, laser machining, nanoscale imaging, polarimetry, etc. In this tutorial, an introductory treatment of non-
uniformly totally polarized beams is given. Besides a brief review of some useful parameters for characterizing the
polarization distribution of such beams across transverse planes, from both local and global points of view, several
methods for generating them are described. It is expected that this tutorial will serve newcomers as a starting point
for further studies on the subject. ©2020Optical Society of America
https://doi.org/10.1364/JOSAA.379439
1. INTRODUCTION
Polarization of light is an exciting subject, and numerous books
and research articles have been devoted to understanding
and modeling this characteristic of light, even in very recent
times [1–13].
Elementary approaches to polarization generally make ref-
erence to the direction of the electric field vector of a plane
wave, for which the polarization state is assumed to be uniform
all over in the space. Uniform polarization is also generally
assumed in the study of light beams. In more general situations,
however, the polarization of a beam may vary from one point
to another of its cross section, thus giving rise to the so-called
non-uniformly polarized (NUP) beams. Early works on this
subject dealt with the generation of NUP beams by interfero-
metric methods [14,15] or at the output of semiconductor lasers
[16]. Then the need arose, on one hand, to devise methods for
synthesizing fields presenting peculiar polarization patterns
across their transverse section and, on the other hand, to model
and characterize the polarization of such beams.
We refer to those beams that present complete polarization
at any point (although not uniform) as non-uniformly totally
polarized (NUTP) beams. Many different kinds of NUTP
beams have been introduced over the last few decades [17–45].
In particular, radially and azimuthally polarized beams, spi-
rally polarized beams (SPBs), and full Poincaré beams (FPBs)
have been extensively studied [5,17,25,29,39,40,44–51]. The
introduction of NUTP beams has been followed by their use
in numerous application fields, such as optical tweezers, par-
ticle optical manipulation, material processing, microscopy,
focus shaping, surface plasmon sensing, polarimetry, etc.
[10,12,13,25,44,52–70].
In this tutorial, we report on some aspects of the research on
NUTP beams related to their synthesis and their theoretical and
experimental characterization. Due to the vastness and the fast
development of the techniques in this field, unavoidably many
important works and applications will be not recalled in this
tutorial. What we are going to present is a selection of simple
tools for the synthesis and characterization of NUTP beams,
each of them accompanied by the description of its experimen-
tal implementation, that could be realized with conventional
optical systems and do not require sophisticated or expensive
equipment. We think the presented techniques can be of help
to new researchers and can attract their attention and interest
to this subject, and may also represent the starting point for
envisaging more complex synthesis methods for these or more
general NUP beams. Some aspects will not be covered, such as
the ones related to partially coherent and/or nonparaxial fields,
in which cases interesting properties and effects have also been
found (see, e.g., [71–73]). In fact, we will consider only fields
perfectly coherent from the spatial point of view, and paraxial
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conditions will always be taken for granted, so that the term
beam is justified when dealing with their propagation.
The paper is structured as follows: after this introductory
section, the parameters used to describe the polarization of a
light field are briefly recalled (Section 2). Some local and global
parameters aimed at characterizing NUP beams are presented
in Section 3, and different methods to synthesize some types of
NUTP beams are described in Section 4. Finally, in Section 5 a
brief summary is given.
2. CHARACTERIZING POLARIZATION OF LIGHT
Here, we give a short review of the parameters that are com-
monly used to describe the polarization of light, and that will be
used throughout the paper.
If we limit ourselves to light fields propagating in paraxial
conditions (along the z axis of a suitable reference frame), the
longitudinal component of their electric field can be neglected,
and the characterization of their polarization at any point
requires only the knowledge of the complex amplitudes of the
two transverse components, namely, E x and E y [1–4,74].
Under such conditions, the expression of the electric field of a
beam at a typical point in space is
E(t)= [E x (t)ux + E y (t)uy ] e iωt , (1)
where u j (with j = x , y ) are unitary vectors along the j direc-
tion, and ω is the angular frequency. Here, for simplicity we
have omitted the explicit dependence on the point location,
but it should be clear that, in general, E x and E y depend on
it. Furthermore, if the radiation is not strictly monochro-
matic, E x and E y depend also on time. Nonetheless, for
quasi-monochromatic light, they vary over times that are much
longer than the oscillation period of the radiation and can be
considered practically constants within a period.
Therefore, at any considered point, the electric field is the
superposition of two orthogonal harmonic oscillators, and
its tip describes, in a complete period, an ellipse. The latter is
referred to as the polarization ellipse of the light. Depending
on the amplitudes and phases of the field components, such an
ellipse can degenerate into a circle (circular polarization) or a line
(linear polarization). The shape of the ellipse and the sense in
which the electric field vector moves are determined completely
by the ratio between the complex quantities E x and E y , i.e., by
the ratio of their absolute values and by their relative phase.
Note that in general, the transverse polarization pattern of a
beam evolves during propagation (see, e.g., [71,75–81]), and
the way it changes depends on the spatial distributions of both
the complex quantities E x and E y , and not only on the ratio of
their absolute values and their relative phase. This means that
in general, the polarization profile of a beam across a transverse
plane is not sufficient for determining its polarization across
other planes.
The amplitudes of the transverse component of the electric
field are often arranged into a single 2× 1 vector, i.e.,
E=
(
E x
E y
)
, (2)
which is usually referred to as the Jones vector of the field [1,2,4].
A deterministic linear optical system can be represented by a
2× 2 complex matrix, Tˆ, known as the Jones matrix, which
transforms the electric field components of a beam in a linear
way when it passes through the system, i.e.,
Eout = Tˆ Ein, (3)
thus modifying its polarization state. Note that the Jones matrix
of a homogeneous system does not depend on the position, so
that it transforms the input state of polarization in the same way
across its whole section.
Except for a scale factor, the ellipse of polarization can be
described by two angles ψ and χ , representing the azimuth of
the major axis relative to the x axis and the ellipticity angle of the
ellipse, respectively. Azimuth and ellipticity angles are related to
the electric field components by the relations [2,4,74]
ψ = 1
2
arctan
(
2Re{E ∗x E y }
|E x |2 −
∣∣E y ∣∣2
)
(4)
and
χ = 1
2
arcsin
(
2Im{E ∗x E y }
|E x |2 +
∣∣E y ∣∣2
)
, (5)
where the asterisk denotes complex conjugation and Re{·}
(Im{·}) the real (imaginary) part of a complex number. The
azimuth,ψ , can assume values within the interval [0, pi), while
the ellipticity, χ , is limited to the range (−pi/4, pi/4] [2,4,74].
The sign of χ denotes the sense in which the ellipse of polari-
zation is traced out, being right-handed (left-handed) if χ > 0
(χ < 0).
Now, by taking a point with spherical coordinates
(1, 2ψ, pi/2− 2χ) in a 3D space, any given pair of azimuth
and ellipticity can be graphically represented as a point on the
surface of a sphere with unit radius. Such a sphere is known as
the Poincaré sphere (see Fig. 1). The rectangular coordinates of a
point in this space are denoted by s 1, s 2, s 3 and are referred to as
the normalized Stokes parameters of the field. The equator of the
sphere (s 3 = 0) contains all the linear polarization states, while
the north (south) pole represents right-handed (left-handed)
circularly polarized light (s 3 = 1 and s 3 =−1, respectively).
A generic point on the north (south) hemisphere represents a
right-handed (left-handed) elliptical state of polarization.
For a perfectly monochromatic field, the amplitudes E x
and E y do not change with time, so the parameters specifying
the polarization are constant, too. On the contrary, in prac-
tical cases, they are constant only within time intervals much
shorter than the coherence time of the radiation, which, in turn,
is related to the width of its power spectrum [82]. For longer
time intervals, they are expected to change. Therefore, the ratio
between the absolute values of the amplitudes of the field com-
ponents, as well as their relative phase, may fluctuate, and the
representative point on the Poincaré sphere is expected to move.
Typically, response times of the instruments used to detect
light radiation are much longer than the coherence time of the
radiation itself, so only average values of the above quantities
are accessible in practice. In particular, only the mean position
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Fig. 1. Poincaré sphere. Any point on its surface corresponds to a
different polarization state.
of the point moving on the Poincaré sphere is detectable, and
the coordinates of such position correspond to the normalized
Stokes parameters of the field.
The right tool for taking light fluctuations into account is the
polarization matrix, Pˆ , which is evaluated from the electric field
components as [82,83]
Pˆ =
(
Pxx Pxy
Pyx Pyy
)
, (6)
where
Pij = 〈E ∗i (t)E j (t)〉, (7)
with i, j = x , y . Here, the brackets represent a time average
performed over a sufficiently long time, compared to the typical
times in which the random variables that define the field change.
Stochastic processes are supposed to be stationary, so that the
elements of Pˆ are independent of time. Using the Schwarz
inequality, it can be shown that Pˆ is a semi-positive definite
matrix [82,83].
From the elements of the matrix Pˆ , the Stokes parameters of
the field can be defined as [1–5,7,8,74]
S0 = Pxx + Pyy,
S1 = Pxx − Pyy,
S2 = 2Re{Pxy},
S3 = 2Im{Pxy}, (8)
which are usually arranged into a 4× 1 vector called the Stokes
vector.
It is important to stress that the Stokes parameters are real
quantities and can be obtained by measuring the irradiance of
the field after suitable oriented linear polarizers and retardation
plates. In fact, it turns out that
S0 = I0 + Ipi/2
S1 = I0 − Ipi/2,
S2 = Ipi/4 − I−pi/4,
S3 = I ′pi/4 − I ′−pi/4, (9)
where Iθ and I ′θ are the irradiances measured, respectively, after
a linear polarizer oriented at the angle θ and after a quarter-wave
phase plate followed by the linear polarizer [1,2,4].
The first Stokes parameter, S0, provides the irradiance of the
beam, and the normalized Stokes parameters are obtained divid-
ing the last three Stokes parameters by S0, i.e.,
s n = SnS0 , (n = 1, 2, 3). (10)
The most significant effect of the fluctuations of the field
components is that, as could be expected, the point whose
coordinates are given by the relations in Eq. (10), in general,
no longer belongs to the surface of the Poincaré sphere, but
may be also located inside the sphere. In fact, it turns out that
s 21 + s 22 + s 23 ≤ 1. The radial coordinate of such point is taken as
a measure of the degree of polarization of the field, i.e.,
P =
√
s 21 + s 22 + s 23 . (11)
A field is said totally (or perfectly) polarized when P = 1. In
such a case, perfect correlation exists between the two transverse
components of the electric field, so that the polarization state
of the field does not change with time. In the opposite limit
(P = 0), the field is completely unpolarized . This happens when
the two transverse field components are completely uncorre-
lated and carry the same power. In all other cases, the field is said
to be partially polarized .
It should be noted that any partially polarized field can be
expressed as the sum of two fields: a totally polarized and an
unpolarized field. This is a consequence of the fact that the
polarization matrix of any field can be decomposed into two
terms, one of them proportional to the 2× 2 identity matrix
(representing the unpolarized component), and the other
one describing the completely polarized component [84,85].
Making use of this decomposition, the degree of polarization
can be interpreted as the ratio between the irradiance of the
totally polarized component and the total irradiance.
3. CHARACTERIZING NUTP BEAMS
Standard approaches to polarization often assume the polari-
zation of a light beam to be uniform across the beam transverse
section, and this single polarization is also preserved during
paraxial propagation. In the more general case of a NUTP
beam, representing its polarization is more demanding because
the polarization matrix depends on the position across the
transverse plane. Moreover, as stated above, the transverse
polarization distribution of a beam generally changes during
propagation, so that a complete (i.e., all over the space) charac-
terization of the polarization of a NUTP beam would require the
determination of the polarization pattern across a set, virtually
infinite, of transverse planes.
The characterization of the polarization distribution in
NUTP beams will be performed starting from the quantities
recalled in the previous section. Some global parameters, which
can be obtained from the values (both calculated or measured)
of the Stokes parameters, will also be defined.
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Fig. 2. SPB beam with γ = pi/6. Upper row: polarization pattern
where the red segments indicate the azimuth of the linear polarization
(left) and representation of the corresponding state of polarization by
means of red dots on the Poincaré sphere (right). Lower row: Stokes
parameters S1 (left) and S2 (right).
A. Local Characterization
The polarization of a NUP beam can be represented, at each
plane z = constant, by 2D plots of the four Stokes parameters
or, alternatively, by plots of the degree of polarization and of
three parameters describing the polarization state of the totally
polarized component of the field. Since NUTP beams have
P = 1 everywhere, their polarization is described completely by
the latter three parameters and can be represented graphically by
ellipses at selected points of the beam cross section, as done in
Figs. 2–4.
As a simple example of a NUTP beam we consider a SPB [17],
whose Jones vector is
ESP(r)= f (r )
(
cos(θ + γ )
sin(θ + γ )
)
, (12)
where (r , θ) are the polar coordinates of a typical point across a
transverse plane, and γ is a constant angle. The function f (r )
gives the spatial distribution of the irradiance and must vanish at
the point r = 0 because the polarization is not defined there.
A beam of the form in Eq. (12) presents cylindrical symmetry
around the z axis, and its polarization state is linear at any point.
The electric field lines are logarithmic spirals whose growth
parameter depends on the value of γ [17]. On varying γ , dif-
ferent patterns of the polarization across the beam section are
obtained, ranging from radial (when γ = 0) to azimuthal (when
γ = pi/2) polarization (see Fig. 2) [17,26,75,77,79,86]. It is
important to note that the polarization pattern of beams of this
kind remains unchanged during free-space propagation.
Figure 2 shows the polarization pattern, the Stokes param-
eters, and the representation of the corresponding states of
polarization on the surface of the Poincaré sphere for the case
of a SPB with γ = pi/6. The field amplitude has been chosen
0.0
0.5
1.0
Fig. 3. Polarization pattern (top) for the FPB given by Eq. (13) with
8= pi/4; two views of such pattern on the Poincaré sphere (middle);
and Stokes parameters S1, S2, and S3, from left to right, normalized to
the maximum irradiance of the beam (bottom). Red (green) ellipses
and dots denote right-handed (left-handed) polarization.
as f (r )∝ r exp(−r 2/w20), w0 being related to the beam waist
size. The polarization pattern has been superimposed to the
irradiance profile of the beam (S0 normalized to its maximum),
while the Stokes parameters S1 and S2 have been normalized to
the maximum beam irradiance. Note that S3 = 0 for this kind
of beam. On the Poincaré sphere, the red dots correspond to
the states of polarization plotted in the polarization pattern.
These red points lay on the equator of the Poincaré sphere, and
some space among them can be noted due to the sampling of
the polarization pattern across the beam section. With a higher
sampling rate, red points cover in a more compact way the whole
equator.
Another family of NUTP beams that has attracted great inter-
est is that of the so-called FPBs [46], which present all possible
totally polarized states of polarization in their cross sections. In
other words, the polarization state pattern of a FPB maps the
entire Poincaré sphere surface at least once. For example, the
Jones vector at the plane z= 0 can be chosen as the following
superposition of Laguerre–Gaussian modes [46]:
EFP0(r)= E0 exp
(
− r
2
w20
)(
cos8√
2r
w0
eiθ sin8
)
, (13)
where E0 is an amplitude factor, w0 is the common waist size
of the modes, and8 is a parameter that determines the weight
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Fig. 4. Polarization pattern (top) for the FPB given by Eq. (14) with
8= pi/4; two views of such pattern on the Poincaré sphere (middle);
and Stokes parameters S1, S2, and S3, from left to right, normalized to
the maximum irradiance of the beam (bottom). Red (green) ellipses
and dots denote right-handed (left-handed) polarization.
of each mode in the superposition. This kind of FPB has been
experimentally generated by means of a symmetrically stressed
optical window (see [33,46] and references therein). Figure 3
shows the resulting polarization pattern for8= pi/4, together
with the Stokes parameters and the states of polarization
represented as points on the Poincaré sphere.
It must be noted that in such a FPB, the polarization states
across the cross section correspond to a stereographic projec-
tion of the Poincaré sphere from the point (−1, 0, 0) [46]. We
calculated and represented only a finite-sized (squared) region
of the cross section, so that a portion of this projection is lost.
This can be noticed when the corresponding polarization states
are represented on the Poincaré sphere: no polarization states
are found in the region around s 1 =−1. We considered a grid
of 25× 25 points, so that only 625 points are shown on the
Poincaré sphere, but a higher sampling rate of the beam cross
section would result in a denser covering of the surface of the
Poincaré sphere, without extending the covered region.
A FPB that shows all possible polarization states in a finite
region of its transverse section can be obtained by the superposi-
tion of two orthogonally polarized Laguerre–Gauss modes with,
at least, a radial index greater than zero, such as the following
one [48]:
EFP1(r)= E0 exp
(
− r
2
w20
)( r
w0
eiθ cos8(
1− 2r 2
w20
)
sin8
)
. (14)
Figure 4 shows the polarization pattern of the FPB generated
by Eq. (14) and two views of their representation on the Poincaré
sphere. The profile of the Stokes parameters S1, S2, and S3 are
also shown. In this case, all possible states of polarization are
found in a finite circular region of radius r0 =w0/
√
2 [48]. The
two examples of FPB described by Eqs. (13) and (14) belong to
a wide class of FPBs that can be generated by superposition of
two orthogonally polarized Laguerre–Gauss modes of different
orders [46,48].
From the experimental point of view, local characterization
implies measurements in a finite-sized region that could be
small, but not pointlike. A pinhole can be placed in front of the
detector in such a way that the detection area could be made
small enough to consider the state of polarization almost uni-
form within the detector area. When the detection system is
a digital camera, the size of the pixels should be small enough,
compared to the area where the polarization state remains
almost the same. In any case, for a local characterization of a
NUTP, a lot of points have to be analyzed, and very large arrays
of states of polarization are involved.
B. Global Characterization
Up to now, the characterization of a NUTP light beam has been
approached from the local point of view, using different repre-
sentations of the polarization. In many applications, however,
the knowledge of the detailed structure of a polarization pattern
it is not strictly necessary, and the only useful information that
can be contained is some global parameters. Examples of global
parameters for characterizing NUTP beams are given below.
1. WeightedDegree of Polarization
From the local degree of polarization, P(r), the weighted degree
of polarization can be defined as [74,87,88]
P˜ = 1
IT
∫
P(r)S0(r)dr, (15)
where the integration is extended to the whole transverse
plane, and
IT =
∫
S0(r)dr (16)
is the total power of the beam. We recall that the Stokes parame-
ters S0(r) give the local irradiance of the beam, so the weighted
degree of polarization gives the average over the region of the
beam cross section where the irradiance is significant.
To evaluate the uniformity of the local degree of polarization
across the transverse beam profile, the variance σ 2p of the previ-
ous parameter can be used, which is defined as [74,87]
σ 2p =
1
IT
∫
[P(r)− P˜]2S0(r)dr. (17)
It is easy to show that 0≤ σ 2p ≤ 1/2 [74,87].
Of course, for a perfect NUTP beam, it must be P˜ = 1 and
σp = 0. Therefore, measuring these two parameters allows one
to determine how close a NUP beam is to a NUTP beam.
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2. Circular PolarizationContent
The information provided by the weighted degree of polariza-
tion can be complemented by another global parameter that
measures the content of circularly polarized light in a NUTP
beam [74,89]. This parameter is defined as
ρc = 1IT
∫
S3(r)dr (18)
and can take values from−1 (pure left-handed circularly polar-
ized beam) to 1 (pure right-handed circularly polarized beam).
The uniformity of the circularly polarized content of a beam can
be evaluated through the variance of the values of ρc , which is
defined as
σ 2c =
1
IT
∫ [
S3(r)
S0(r)
− ρc
]2
S0(r)dr. (19)
It is clear that for NUTP beams presenting only linear polari-
zation states, it will be ρc = σc = 0. This is the case of the SPB
in Eq. (12), which, regardless of the parameter γ , is linearly
polarized everywhere. Regarding the two FPBs described by
Eqs. (13) and (14), the circular polarization content is zero for
both of them. This means that right and left handedness are
equally represented across the beam cross section. The variances
of the circular polarization content turn out to be 0.40 for the
first case and 0.35 for the second one.
3. Radial/Azimuthal PolarizationContent
The parameter ρc does not allow to distinguish between fields
showing linearly polarized states with different azimuths, such
as SPBs with different parameters γ . On the contrary, in some
cases, it would be interesting to know the content of radial or
azimuthal polarization of the beam across a certain plane. To
this aim, the following two global parameters can be defined as
[74,90,91]
ρR= 12 +
1
2IT
∫ ∞
0
∫ 2pi
0
cos(2θ)S1(r , θ)r dr dθ
+ 1
2IT
∫ ∞
0
∫ 2pi
0
sin(2θ)S2(r , θ)r dr dθ,
ρA= 12 −
1
2IT
∫ ∞
0
∫ 2pi
0
cos(2θ)S1(r , θ)r dr dθ
− 1
2IT
∫ ∞
0
∫ 2pi
0
sin(2θ)S2(r , θ)r dr dθ . (20)
The parameter ρR (ρA) provides the content of radially
(azimuthally) polarized light of the beam and can take values
from zero to one, this last case corresponding to a pure radially
(azimuthally) polarized beam. Note that for NUTP beams, the
relationρR + ρA = 1 holds.
For a SPB [see Eq. (12)], the radially and azimuthally polar-
ized light contents are independent of the field amplitude f (r )
and turn out to be [26,27]
ρR = 12 −
1
2
cos(γ ) (21)
and
ρA = 12 +
1
2
cos(γ ), (22)
respectively.
Finally, for both types of FPBs in Eqs. (13) and (14), ρA =
ρR = 1/2.
4. SYNTHESIZING NUTP BEAMS
Several methods have been proposed and carried out to
experimentally synthesize different types of NUP beams.
They use Mach–Zehnder interferometers (MZIs), fiber
lasers running in either CW or pulsed mode, digital lasers,
spatial light modulators (SLMs), metasurfaces, stressed
optical windows, q-plates, spiral phase plates, photoaligned
liquid crystals, digital micromirrors, and more (see, e.g.,
[6,23,25,28,33,46,52,57,61,66,69,92–95]). In this tuto-
rial, we will describe some techniques to generate NUTP beams
that could be implemented with conventional optical systems
and do not require sophisticated optical equipment, such as
SLMs, or complex configurations, such as modifications of a
laser cavity, and so on.
In particular, we will focus our attention on three methods,
based on different approaches: the use of spatially varying
polarizers, of interferometric systems, and of anisotropic crys-
tals. We shall give a detailed description of some experimental
setups aimed at producing NUTP beams, and hints for their
characterization.
A. Spatially Varying Anisotropic Elements
Conventional anisotropic optical elements, such as wave plates
and polarizers, are homogeneous, in the sense that their Jones
matrix is uniform across their surface. When illuminated by a
uniformly polarized beam, they always produce a uniformly
polarized beam as their output. However, it is possible to envis-
age spatially varying anisotropic elements whose characteristics
depend on the position across their surface. It is clear that in such
a case, a uniformly polarized beam impinging onto this optical
element is converted into a NUTP beam.
Polarization gratings [96–103] are examples of these kinds
of elements. They behave like polarizers, but their transmis-
sion axis is oriented along a direction that varies in a periodic
way along a transverse direction. For example, if the transmis-
sion angle varies linearly with the coordinate of the x axis, the
following Jones matrix is obtained:
TˆPG(r)=
(
cos2 βx cos βx sin βx
cos βx sin βx sin2 βx
)
, (23)
whereβ = 2pi/L , L being the grating period.
If the incident beam has uniform amplitude E0 and is circu-
larly polarized (e.g., right), the amplitude of the output beam is
uniform, too, but the polarization state is the one imposed by the
grating, i.e.,
EPG(r)= E0√
2
e iβx
(
cos βx
sin βx
)
. (24)
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A simple, approximated version of a polarization grating can
be realized by juxtaposing thin strips cut from a polarizing film.
More sophisticated techniques require the use of space-variant
subwavelength dielectric gratings [101,104]. In the latter case,
of course, a wider class of spatially varying optical elements
can be obtained [105,106], at the cost of greater construction
difficulties.
Another simple, commercially available element behaves as a
linear polarizer having the transmission axis oriented along the
azimuthal direction. Its Jones matrix is of the form
TˆAP(r)=
(
sin2 θ − cos θ sin θ
− cos θ sin θ cos2 θ
)
(25)
and is used as a polarization axis finder (see, e.g., Edmund Optics
or TSI Incorporated). When illuminated by a right-handed
circularly polarized beam with circularly symmetric amplitude
f (r ), it produces the field
EAP(r)= i√
2
f (r ) e iθ
(− sin θ
cos θ
)
. (26)
Note that although the polarization direction of the output
beam is along the azimuthal direction at any point of the trans-
verse section, its form is not the same as in Eq. (12) because of
the presence of the term exp(iθ), so the transverse polarization
distribution changes during propagation [17].
To obtain a beam with cylindrical symmetry (with azimuthal,
radial, or, more generally, spiral-like polarization) different
optical elements can be used [14–16,23,25,26,28,101,107].
One of them is commercially available as a polarization converter
[107]. It consists of a blend of nematic liquid crystal cells placed
between two alignment layers: one of them linearly rubbed
along a given direction and the other rubbed in a concentric-
circle pattern. The nematic liquid crystals’ alignment inside the
cell changes from the linear to the azimuthal pattern, and so an
azimuthally polarized output beam is obtained when a linearly
polarized light impinges on the linearly rubbed alignment layer
of the cell [107].
A polarization converter (PC) with its input and output
faces perpendicular to the z axis (the assumed direction of
propagation of the input beam) and the linearly rubbed layer
oriented along the y direction, when illuminated by light lin-
early polarized along y with circularly symmetric amplitude
f (r ), produces at the exit plane the field [107]
EPC(r)= f (r )
(− sin θ
cos θ
)
, (27)
which is of the form in Eq. (12) withγ = pi/2.
The field obtained in such a way can be used to produce a spi-
rally polarized beam with arbitrary parameter γ . The details of
some of the synthesis procedures and a technique for their char-
acterization are described in the next subsection.
1. Synthesis of SPBs
The experimental setup used to produce a SPB is shown in
Fig. 5. The light emerging from a He–Ne laser, linearly polarized
along the vertical direction, is expanded and enters the PC.
An azimuthally polarized beam is obtained at the exit of the
BE
M
PC SF
La
se
r
CCDP
PSA
/4R
/2
/2
L
'/2
Fig. 5. Experimental scheme for synthesizing SPBs. BE, beam
expander; PC, polarization converter; SF, spatial filter; R, rotator; L,
lens; PSA, polarization state analyzer composed of a quarter-wave
phase plate (λ/4), a dichroic polarizer P, and a CCD camera.
PC and is spatially filtered by means of a system consisting of
a microscope objective, a spatial filter (SF), and a converging
lens. To convert it into a SPB, a polarization rotator (R) is used.
The latter rotates the electric field of the incident field of the
angle γ ′ and consists of two half-wave phase plates forming an
angleγ ′/2 between them [26,77], as shown in the inset of Fig. 5.
By selecting γ ′ = pi/2+ γ , the resulting field is like the one
described in Eq. (12). In the latter figure, although most of the
polarization states appear to be linear, according to their color,
all of them are denoted as either left- or right-handed. This is
due to the fact that the figure reports experimental values, and
the measured values of s 3 can be arbitrarily small, but hardly ever
vanishing.
Finally, a convergent lens (L) is placed to form the image of
the field emerging from the rotator on a CCD camera, used to
perform the analysis of the polarization distribution across the
beam section.
The experimental polarization patterns have been obtained
by means of a simple polarization state analyzer (PSA), con-
sisting of a quarter-wave plate, a linear polarizer, and a CCD
camera. The local Stokes parameters of the beam were measured
in the following way: four images of the beam section were
captured after a linear polarizer with different orientations of
its transmission axis (0, ±pi/4, and pi/2 with respect to the x
axis), and two additional images werer recorded when a quarter-
wave phase plate, having its fast axis along the x direction, was
inserted before the polarizer (the latter with its axis at ±pi/4).
The irradiance values contained in the recorded images were
inserted into Eq. (9), from which the local Stokes vector and the
corresponding polarization ellipse at each point were evaluated.
A representation of the measured polarization patterns is shown
in Fig. 6.
By changing the value of γ from zero to pi radians, various
spiral-type polarization patterns can be obtained. In particular,
γ = 0 andγ = pi lead to an azimuthal polarization distribution,
whileγ = pi/2 gives rise to a radially polarized beam.
The global parameters corresponding to the experimen-
tally generated SPB shown in Fig. 6 turn out to be P˜ = 0.97,
σ 2p = 0.01, ρc = 0.08, σ 2c = 0.01, ρR = 0.11, and ρA = 0.89,
which are quite close to the theoretical ones for a SPB with
γ= 20◦.
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Fig. 6. Experimental spirally polarized pattern with γ= 20◦. Red
(green) ellipses denote right-handed (left-handed) polarization states.
B. Interferometers
The mathematical form of a Jones vector itself suggests a way to
synthesize any NUTP beam: it will be sufficient to superimpose
two suitably chosen mutually coherent, uniformly polarized
beams having orthogonal polarization states. Since the two
component beams must be mutually coherent, they can be
produced through interferometric techniques. In general, of
course, to obtain a NUTP beam, the two replicas produced
by the interferometer must differ in the irradiance and/or in
the phase profile. This was indeed one of the first techniques
used to synthesize NUTP beams. In Ref. [15], for instance, two
Hermite Gaussian modes, of orders (0,1) and (1,0), respectively,
with orthogonal linear polarizations, were superimposed by
means of a MZI to produce a radially polarized beam with
uniform azimuthal irradiance.
Several different interferometric configurations have been
proposed in subsequent years to produce NUTP fields. Among
them, we quote the techniques using Fresnel biprisms [108],
Young double slits [109], diffractive optical elements [110],
Sagnac interferometers [21], pentaprism interferometers [111],
and so on. It is worth noting that SLMs together with some
interferometric arrangement have been proven to be a versa-
tile tool to generate arbitrary non-uniformly polarized beams
[23,44,49,57,93].
Two examples of NUTP beams generated by means of
interferometers, one by amplitude division and the other by
wavefront division, will be shown in this tutorial. The first one
is based on a MZI with two different transparencies placed in its
arms. This configuration has the advantage of being extremely
versatile, because in principle, any NUTP can be realized in this
way. The only limitation comes from the difficulty of producing
transparencies with assigned complex transmission functions.
Of course, holographic methods can be adopted to face the
problem in the most general case, but interesting results can
be obtained even with simple amplitude transmittances. In
the second example, we use a Fresnel biprism to produce the
two field components and let them superimpose. Dichroic
polarizers are used to assign the right polarization to the two
fields. The method is not very versatile, but the low versatility
is compensated for by the extreme simplicity of the device,
which can be used when different polarization states are required
simultaneously across the beam section.
t1(r)
t2(r)
BS
P0
/2
M
ES
EP
M
BS1
BS1
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Fig. 7. MZI used to synthesize NUTP beams by means of ampli-
tude transmittances, ti (r )with i = 1, 2. M’s are mirrors, BSi are beam
splitters, λ/2 is a half-wave phase plate, and the subscripts s and p
denote the polarization of the electric field (s perpendicular and p
parallel to the incidence plane). L is a converging lens, which images
the synthesized NUTP profile onto the plane P0.
1. MZI andAmplitude Transmittances
Figure 7 shows the experimental setup. A collimated beam
impinges onto one of the faces of a 50/50 non-polarizing beam
splitter (BS1). The input beam is linearly and uniformly polar-
ized, parallel to the incidence plane. A half-wave plate with
its fast axis at pi/4 is inserted into one of the arms to rotate the
polarization direction of the beam by pi/2. Then, each of these
beams with orthogonal linear polarization states impinges on an
amplitude transmittance, t1(r ) or t2(r ), and they are eventually
recombined by a second beam splitter (BS2). At one of the exits
of the interferometer, a converging lens (L) images the two fields
obtained at the output of the transmittances onto the plane P0.
In our experiment, different apertures, having real transmit-
tance with a super-Gaussian profile, are used as transparencies in
the arms of the interferometer.
On assuming that the optical paths are identical (up to multi-
ples of λ), and that mirrors and beam splitters do not introduce
phase shift or tilt, the NUTP beam obtained at the output of the
MZI can be described in the Jones formalism by the vector
EMZ(r)∝ E02
(
t1(r )
t2(r )
)
= E0
2

exp
[
−
(
r
w1
)2n1]
exp
[
−
(
r
w2
)2n2]
 , (28)
where E0 is the amplitude of the incident field, supposed uni-
form within the super-Gaussian apertures. The shape of each
aperture is determined by the width wi and the order ni , with
i = 1, 2. The transmittance is flatter than the Gaussian function
of the same width if ni = 1, and becomes sharper and sharper for
growing values of ni . The typical polarization pattern expected
in such conditions across the exit plane of the MZI is the one
shown in Fig. 8(a), where only a transmittance with n2 = 2 and
w2 = 0.12 mm is used (equivalent to let w1→∞). The states
of polarization of this pattern are represented on the Poincaré
sphere and cover a quarter of the equator, as can be seen in
Fig. 8(b).
Polarization analysis is performed as for the previous exam-
ples. The bottom right part of Fig. 8 shows the behavior of
the measured polarization direction of the exit field along a
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Fig. 8. Theoretical polarization pattern across the transverse
section of a NUTP beam at the output of a MZI using only one super-
Gaussian transmittance at one arm with n2 = 2 and w2 = 0.12 mm
(top) and representation of the states of polarization on the Poincaré
sphere (bottom left). Experimentally measured azimuth for the field
obtained with the experimental setup in Fig. 7 (bottom right).
line passing through the center. For the experimental polari-
zation pattern shown in Fig. 8, the global parameters are
P˜ = 1.01, σ 2p = 0.005, ρc =−0.10, σ 2c = 0.05, ρR = 0.502,
and ρA = 0.498, quite close to the theoretical ones: P˜ = 1,
σ 2p = 0, ρc = 0, σ 2c = 0, ρR = 1/2, and ρA = 1/2. Due to the
measurement errors of the irradiance, values of the local degree
of polarization slightly greater than one could be obtained,
which in turn could give rise to values greater than one for the
experimental global degree of polarization. This is the case
for the above result. It can be noted, however, that the experi-
mental value is consistent with the expected one, P˜ = 1, if the
uncertainty of the result is taken into account.
2. Fresnel Biprism
The interferometric system of the previous section is based on
the division of the field amplitude. Other types of interferome-
ters can be used for synthesizing NUTP beams, e.g., those based
on the division of the field wavefront, as the Young’s double-slit
experiment [109,112–114]. Here, we show an example of a
NUTP beam obtained by means of a formally equivalent system
based on a Fresnel biprism [108].
The experimental setup is shown in Fig. 9. A linearly polar-
ized laser beam is filtered and expanded by using a microscope
objective, MO, a pinhole, PH, and a lens L1. The collimated
beam impinges onto a Fresnel biprism having refractive index
n and acute angle α (supposed to be very small). Two dichroic
polarizers, P1 and P2, with perpendicular transmission axes are
placed in front of the top and the bottom prisms, respectively.
B
P1
CCD
MO L2L1
P2
PH
Laser
P/4
PSA
Fig. 9. Experimental setup. MO, microscope objective; PH,
pinhole; L1 and L2, lenses; P1 and P2, polarizers; B, biprism; PSA,
polarization state analyzer composed of a quarter-wave phase plate
(λ/4), a polarizer (P), and a CCD camera.
The lens L2 images onto the camera sensor the field present at
the exit of the biprism. Polarization analysis is performed as for
the previous examples.
Due to the difference in their propagation directions, the
waves emerging from the two prisms reach a typical point of
the output plane with different phases, so that the output beam
turns out to be
EBF(r)∝
(
E0x e ikα(n−1)y
E0y e−ikα(n−1)y
)
, (29)
where E0x and E0y are the input field components along x and
y , respectively, k is the wave number in vacuum, and the losses at
the interfaces have been neglected. The polarization state is seen
to be dependent on the y coordinate. In particular it varies peri-
odically, with period
3= λ
2α(n − 1) , (30)
λ being the wavelength in vacuum.
The corresponding global parameters are P˜ = 1, σ 2p = 0,
ρc = 0,σ 2c = 0.5,ρr = 0.5, andρa = 0.5.
Figure 10, shows the theoretical (a) and experimental (b)
polarization patterns for the case of linearly polarized input
light with its azimuth at pi/4. A BK7 biprism with n = 1.515,
α= 1.5◦, and wavelengthλ= 632.8× 10−6 mm has been used.
As expected, the polarization pattern is almost invariant along
the x direction, while a periodic variation of the state of polari-
zation along the y direction is observed. The produced field
is the same as would be obtained using a polarization grating
[80,97,115,116], but implementing the present approach can
be much easier. It can be noted in Fig. 10 that the polarization
states cover a meridian on the Poincaré sphere. Using a phase
plate after the biprism, the polarization pattern can be modified
and different maximum circles on the Poincaré sphere can be
reached, depending on the orientation of the retardation of the
plate.
The corresponding experimental global parameters are
P˜ = 0.93, σ 2p = 0.01, ρc = 0.01, σ 2c = 0.35, ρr = 0.54, and
ρa = 0.46.
C. Crystals
Anisotropic media, in particular uniaxial crystals, have been
extensively used to produce phase wave plates. Plane parallel
slabs of uniaxial crystals with their optical axes lying on the plane
of the input face introduce a phase difference between ordinary
and extraordinary waves due to the different propagation speeds
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Fig. 10. Theoretical (upper left) and experimental (upper right)
polarization pattern at the output of the biprism for input light lin-
early polarized with 45◦ azimuth with λ= 632.8 nm, n = 1.515,
and α= 1.5◦. Red (green) ellipses denote right-handed (left-handed)
polarization states. Poincaré sphere (bottom) where the states of
polarization are represented.
of such components. Then, the polarization state of a uniformly
polarized light is generally transformed into a different polari-
zation state. By using different combinations of several wave
phase plates, any state of polarization can be obtained from a
uniformly polarized beam [117–119]. However, the phase delay
is uniform across the whole phase wave plate, and if the input
beam is uniformly polarized, the output beam is also uniformly
polarized.
Conversely, by changing the orientation of the crystal axis
or the incidence angle of the input beam, the polarization pat-
tern at the exit of the crystal is, in general, no longer uniform.
Using combinations of uniaxial crystals or biaxial crystals,
a great variety of polarization patterns have been obtained
[2,36,38,80,120–130]. Sometimes, these kinds of studies have
been termed as interference of polarized light [2,120].
Here, two examples will be described in detail. The first one
is based on the use of a plane parallel slab of a uniaxial crystal
having its optic axis perpendicular to the input and output faces
of the crystal [123,130]. The second one is based on a double
wedge (DW), made up of two uniaxial crystal wedges with its
optical axes parallel to the input and output faces but forming a
pi/4 angle between them [80,131].
1. SingleUniaxial Crystal
For the first case, we consider a parallelepiped made up of a
uniaxial crystal with its axis along the propagation direction (z
axis) of the incident beam, as shown in Fig. 11 (see references
[70,123,130] for specific details). The input and output faces of
the crystal are perpendicular to the crystal axis. Let us write the
Jones vector of the input beam as
y
x
z
Ex
Ee
Eo
Optic
axis
l
θr
Ey
Fig. 11. Uniaxial crystal and field decomposition at the output face.
Ein =
(
E0x
E0y exp(iφ)
)
, (31)
where φ is the phase difference between them. When the inci-
dent beam is focused onto the input face of the crystal, across
the output plane the electric field can be decomposed into an
ordinary wave (perpendicular to the principal plane) and an
extraordinary wave (contained in the principal plane) [2]. They
depend on the coordinates of the point across the exit face and
can be written as [130]
Ee(r)= [E0x cos θ + E0y sin θ exp(iφ)] exp [ikn(α)de ] ur ,
Eo(r)= [−E0x sin θ + E0y cos θ exp(iφ)] exp [iknodo ] uθ ,
(32)
where ur and uθ are unitary vectors along the azimuthal and
radial directions, respectively (see Fig. 11), no is the ordinary
refractive index, and n(α) is the refractive index for the extraor-
dinary wave whose propagation direction forms the angleαwith
respect to the optic axis. Losses at the input and output planes as
well as refraction effects at the output face have been neglected.
For small values of the angle α, both ordinary and extraordinary
waves travel almost the same distance de ' do ' d =
√
l2 + r 2,
and n(α)' ne, ne being the extraordinary refractive index of the
crystal [2,130].
It turns out [2,130] that the behavior of the uniaxial crystal,
used as described above, can be described by the Jones matrix
TˆC(r)= {ti j (r)}, with
tx x (r)= cos2 θe iδ(r )/2 + sin2 θe−iδ(r )/2,
tx y (r)= i sin 2θ sin [δ(r )/2],
ty x (r)= i sin 2θ sin [δ(r )/2],
ty y (r)= cos2 θ e−iδ(r )/2 + sin2 θ e iδ(r )/2, (33)
where the phase difference δ(r )has been introduced as
δ(r )' k[n(α)− no]d ' k(ne − no)r
2
d
, (34)
and an unessential overall phase term has been omitted. It can be
noted that such a Jones matrix corresponds to that of a spatially
varying phase wave plate having retardance δ(r ) and fast axis
rotated by θ with respect to the x axis [4].
Figure 12 shows the polarization pattern that would be
obtained at the exit of the crystal for the case of a He–Ne laser
input beam linearly polarized along y and a calcite crystal
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Fig. 12. Theoretical polarization pattern at the output of the
calcite crystal for input light linearly polarized with pi/2 azimuth and
λ= 632.8 nm (left) and Poincaré sphere with dots corresponding to
the ellipses of polarization shown in the polarization pattern (right).
Red (green) ellipses and dots denote right-handed (left-handed)
polarization states.
L λ/4
Laser
P
CCD
Computer
CrystalMO
o.a.
Fig. 13. Experimental setup for synthesizing a NUTP beam by
means of a calcite crystal. MO is a microscope objective, L a lens, λ/4 a
quarter-wave phase plate, and P a dichroic polarizer.
20 mm thick. For this kind of beam, the corresponding theo-
retical global parameters are P˜ = 1, σ 2p = 0, ρc = 0, σ 2c = 0.25,
ρr = 0.5, andρa = 0.5.
It has been recently shown that such a pattern contains all
possible totally polarized states [130], so that the output beam is
actually a FPB.
Figure 13 shows an experimental setup to experimentally
synthesize a FPB by using a uniaxial crystal [130]. A laser beam
is linearly polarized along the y direction by means of the linear
polarizer P1. The microscope objective, MO, focuses the beam
at the input face of a uniaxial crystal with its optic axis oriented
along the z axis. The polarization analysis of the field exiting the
crystal is performed as for the previous examples.
Figure 14 shows the experimentally measured polariza-
tion pattern across the beam section in the same region as for
Fig. 12. An excellent agreement between the theoretical and
experimental results can be observed.
From the experimental polarization pattern, the correspond-
ing global parameters are P˜ = 1.03, σ 2p = 0.08, ρc = 0.04,
σ 2c = 0.22,ρr = 0.51, andρa = 0.49.
2. DoubleWedge
A slightly more complex optical system uses a DW. This is a
device typically used to produce beams that present fast spatial
variation of the state of polarization across their transverse sec-
tion. In such a way, when the Stokes parameters are measured
with low enough spatial resolution, the field appears as being
unpolarized. Therefore, the DW is often used as a spatial depo-
larizer. It should be clear, however, that if the incident field is
Fig. 14. Experimental polarization pattern at the output of the
calcite crystal for input light linearly polarized with pi/2 azimuth and
λ= 632.8 nm (left), and Poincaré sphere with dots corresponding to
the ellipses of polarization shown in the polarization pattern (right).
Red (green) ellipses and dots denote right-handed (left-handed)
polarization states.
d1
ϕ
Input beamy
x
z
Uniaxial crystal
Output beamd2
Fig. 15. Scheme of a double-wedge anisotropic crystal. Green
arrows denote the orientation of the optic axis of each part of the
double wedge. Both optic axes are perpendicular to the z axis, and
the angle between them is pi/4. Red and blue arrows denote the lin-
ear polarization directions of each exiting beam. The wedge angle
isϕ.
totally polarized, the same happens for the output field, but the
latter is a NUTP beam.
A DW consists of two birefringent wedges with the same
angle wedge ϕ (typically a few degrees), joined to form a paral-
lelepiped (see Fig. 15). The optic axis of the first wedge is, for
example, along the y direction. The second one has its optic axis
parallel to the bisector of the x and y axes. The reader should not
confuse a DW with a Wollaston prism, which presents a similar
geometry but for which the optic axes of the two crystals are
mutually orthogonal.
If a plane wave impinges perpendicularly to the input face of
the DW with arbitrary state of polarization, e.g., linearly polar-
ized with pi/4 azimuth, four field components can be identified
at the output [80,131–134]: two plane waves propagating along
the same direction as the incident wave but with different phases
and orthogonal polarization, and two plane waves, also having
mutually orthogonal polarization, that propagate along slightly
tilted directions. The effect of the superposition of such waves
is a modulation of the state of polarization of the field across the
exit plane of the device.
Neglecting the losses due to reflections at the interfaces and
the small differences between the transmission coefficients for
ordinary and extraordinary waves or between the parallel and
perpendicular components at the exit face, and assuming that
the propagation direction of all components is essentially along
the z axis, the Jones matrix TˆDW(r)= (ti j (r)) of the DW can be
evaluated as [80,131]
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Fig. 16. Polarization pattern at the exit of a DW when a linearly
polarized light along y axis inputs in it (left) and Poincaré sphere where
the states of polarization are represented (right). Red (green) ellipses
and dots denote right-handed (left-handed) polarization states.
tx x (r)= 12
[
1+ exp (iδ2(x ))
]
,
tx y (r)= 12
[
1+ exp (iδ2(x ))
]
exp (iδ1(x )) ,
ty x (r)= 12
[−1+ exp (iδ2(x ))],
ty y (r)= 12
[−1+ exp (iδ2(x ))] exp (iδ1(x )). (35)
As is evident from Eq. (35), the geometry of the DW yields a
Jones matrix that depends only on the x coordinate, so that the
same polarization state is expected at all points along lines with
x = constant across the output plane. For any uniformly polar-
ized input field, the output beam shows a periodic variation of
the polarization state along x direction, with period
L = λ|ne(λ)− no(λ)| tan ϕ , (36)
similar to that obtained with polarization gratings but present-
ing, with respect to the latter, advantages in terms of ease of
implementation and reduction of losses.
The polarization distribution pattern is represented in Fig. 16
for a He–Ne laser wavelength and a quartz DW withϕ= 2◦. The
results are shown in Fig. 16, and for this case, the period turns
out to be L ' 2.0 mm. The global parameters corresponding
to this particular beam computed over an integer number of
periods are P˜ = 1, σ 2p = 0, ρc = 0, σ 2c = 0.5, ρr = 0.5, and
ρa = 0.5.
The technique has been implemented, and the experimental
setup shown in Fig. 17 has been arranged. A He–Ne laser beam,
polarized along the y direction, was magnified by a micro-
scope objective and a lens, and entered the DW (DPU25 from
Thorlabs, in this experiment). At the output, a commercial
polarimeter (PAX5710VIS from Thorlabs) with a small pinhole
(50µm diameter) attached at its entrance was used to determine
the state of polarization of the beam in a small area. This polar-
imeter was mounted on an x micropositioner so that the state of
polarization could be measured across the beam profile.
Figure 18(a) shows the measured Stokes parameters (nor-
malized) where a sinusoidal variation is observed for both s 1
and s 3, while s 2 is close to zero. In a whole period, the state of
PMMO HP L
Laser
DW PH
Fig. 17. Experimental setup to generate a NUTP beam by means of
a DW.
(a)
(b)
Fig. 18. (a) Measured Stokes parameters at the exit of a DW along
the x direction and (b) the corresponding ellipse of polarization. Red
(green) ellipses denote right-handed (left-handed) polarization states.
polarization covers the meridian on the Poincaré sphere that
passes on the vertical and horizontal states of polarization.
5. SUMMARY
In many cases, a single state of polarization is found across
the transverse section of a beam, and one polarization ellipse
is enough to represent its polarization. Often, however, the
polarization state of a beam varies from point to point, giving
rise to NUTP beams. The latter present many interesting char-
acteristics and numerous applications, so they have attracted
great attention among the scientific community. This tutorial
intends to introduce this subject, starting from the basic tools
to describe and represent the polarization of light. Some local
and global parameters for characterizing NUTP beams have
been introduced. Furthermore, some simple experimental tech-
niques aimed at producing NUTP beams, which can be easily
implemented in any optics laboratory, have been presented. It
is expected that this tutorial will serve as incentive and help for
newcomers in the field who want to get started on this topic in a
simple way.
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